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Introduction. 

In his memoir on Matrices (Phil. Trans. 1858) Prof. Cayley enunciated the 
theorem: "The determinant, having for its matrix a given matrix less the same 
matrix considered as a single quantity involving the matrix unity, is equal to 
zero." The equation implied in this theorem is known as Cayley's " identical 
equation." Subsequently (in the Mess. Math. Vol. XIII, p. 139), Mr. A. R. 
Forsyth gave a proof of this identical equation for matrices of the third order, 
based upon the solution of a system of linear difference equations.* Forsyth's 
method is applicable to matrices of any order. Considerable simplicity is gained, 
however, by the employment of non-scalar equations instead of the scalar equa- 
tions employed by Forsyth. 

I have employed this modification of Forsyth's method to prove Sylvester's 
law of latency and Sylvester's theorem. In addition I have by this method 
investigated the existence of roots of matrices for different indices and in 
particular the roots of nilpotent matrices. 

For valuable suggestions in the working of this paper I am indebted to 
Dr. Henry Taber. 

* Sylvester stated (in the Johns Hopkins Univ. Circ. No. 28, 1884) that a proof of the identical 
equation could be obtained by the method of linear difference equations. 
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§1. — Representation of a Matrix. 

In obtaining the representation of matrices by the method of difference 
equations, I shall make two general divisions : I, in which all latent roots are 
different from zero, and II, in which some latent roots are zero. 

I. Latent roots zjz 0. — When the latent roots are different from zero, it will 
be found convenient to distinguish between two cases (a), in which all the latent 
roots are distinct, and (b), in which there are groups or sets of equal latent roots. 

(a). All latent roots distinct. 

1. The method readily presents itself on considering a few examples, as 
follows : 

1). — Matrix of order 2. 

Suppose <p = j<^ u <p 12 \ where $ n , ^> 13 , etc., represent the constituents in the 

I $21 $22 

positions indicated by their suffices. 

Define integer powers of $ by ty n+1 = (p . $ re ; and let 



We have then 



$ w = ( ($ re )n($ , V 






12 



<?>n $ 
$n$2 






Expanding. the right-hand member we get the equations 
($ B+1 )ii = $ii($")ii + $i2($")2i, 

etc., etc. 

The left-hand member of the first equation is E(q> n ) n , and of the second 
equation is E{^> n ) 2 - Y , where E is the enlargement symbol of finite differences. 

If we multiply the first equation by $ 22 and subtract from the product the 
second equation multiplied by <£> 12 , we get 

{ E* - ($ii + $»)■# + M» - <M>a } ($ n )n = » 
or (E — gi){E — #i.)($ TO ) u = 0, where g x and g. 2 are the roots of the equation 



$ir 

$21 



x 



$12 
$22—^ 



= 0. 
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The function <£> n — x $ 12 is called the latent function of q> •* g x and 

$21 $22 — a; 

g 2 are called the latent roots of q>. 
Similarly we obtain 

and generally 

(E- gi )(E-g,)(q>X=0, ;}=1, 2. 
The solution of this difference equation is 

where A rs and B n are constants determined by giving n successively the values 
and 1. 

•'• (l)rsT = A n + -D rs , 



-4r« 



-«& -r 


A»! 


72 5 








1 

02 


D 


1 
01 


$r S 



and A = 



1 1 

0i 02 



A A 

We may write instead of the above equation, 

4> = A0i + #o0a , where 4 = 
and B n = 



1 


1 


$ 


02 


A 


1 


1 


0i 


$ 



(i. e., we may substitute for the scalar difference equations non-scalar ones), 
since 



4>" = ( 0l'(02-$n) , 02"(4>n-0i) 0l'(-$i2)+0^ 12 

A T " A A 

0?(~ fta) + <?2*<?>21 0f(02-4>12) + ^(4>22-0l) 

A A 



- 0?(02~ ») i 0a($-0i) 
A " r A 

= J. #? + B<$, which is the solution of {E — g x )(E — g 2 )$ n = 0. 

Similarly it may be shown for matrices of any order. 



* In general of $= ( n 0u ^ w ), then 



+ m (Oforr^s 



?22 X. ,<j 



is the latent function of < 
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2). — Matrix of order 3. 

Suppose $ = c 4>n <?>i 2 4>i3 and $» = < ($•% (f>*)„ (<?>% > 

$21 <*>22 4>23 ($ W )»1 (<K% ($")» 

<?>31 <?>33 4>33 (*")n (4>")» (4> n ) 3 3 

Proceeding as in the previous case and forming the difference equation, we get 
(JE — g-i){E — g>i)(E — g s )<p n = , where g lt g z , g 3 are the latent roots of q> . 
The solution of this is 

111 



and A = 



G = 



4> a g% g\ 



A 

111 

gig*® 
g\ g\ ¥ 



B = 



A = 



1 


i 


i 


9i 


<?> 


g% 


g\ 


¥ 


g\ 



A 
1 1 1 

9x g* gz 
g\ g\ gl 



3). — Matrix of order a. 

Suppose 4> has as latent roots g lt g s , g s , . . . . g a . 

Forming the difference equation we get 

{E- gi ){E-g % ) .... (E-g^ = 0, 

the solution of which is 

p = 4rt + B4gS +....+•&&. 

Giving n successively the a different values , 1 ,...., a — 1 , we get a 

equations linear in A , B , etc., which are sufficient to determine A , B , etc., as 

follows : 

1 1 1 



<?> 



g» 



A = 4>"- x ^-'...flC" 1 1 , and similarly, for B , O , etc., 
A 
1 1 .... 1 



A = 



gi g% 



gr 1 gr 1 



9m 



gr l 
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2. Powers of ft. — The matrix all of whose constituents are zero except 
those along the principal diagonal, which are units, is called the matrix unity 
and is generally denoted by 1 . 

If from the array of constituents representing a matrix ft we form another 
matrix <£ by replacing each constituent of the first array by the logarithmic 
differential derivative with respect to that constituent of the determinant of the 
array, then the product of ft and the transverse of <J> in either order is the matrix 
unity. 

The transverse of <3>, written <3?, is denoted by ft -1 and is termed the 
reciprocal of ft . 

From this definition of the reciprocal, which is as given by Sylvester (Am. 
Jour., Vol. VI), we see that a matrix has no reciprocal when any of its latent 
roots are zero. 

We may observe that the expressions for A , B , etc., as given in the pre- 
ceding examples, are functions of ft containing the (a — l) th and lower powers ; 
and consequently we have a formula for expressing all other powers of ft in 
terms of these. 

3. A , B , etc., are idem potent and mutually nilfactorial. — The formula for 
ft" gives 

ft" = A g? + B g% + .... + W gl, 

or A- - (<?> — 9>) (ft — ffs) (ft — 9.) p. + (ft — frXft — gg) • • • -(ft — g«b . + 

{gi—g%){9i—9z) (9i—9.) {9%—9i){9i—9s) {92— 9.) 

+ (ft — ffiXft — 9i) (ft — ft.- ib . 

{g~—9i)(.9»—9») — {g.— g.-i) "' 

s : nPP a _ (ft — &)(ft — 9s) (ft — 9*) 

(9i — 9%){j9i— 9») {9i — 9») 

B _ (ft — giXft — gs) • • • • (ft — 9.) etc 
° (ff»— 9i){9% — 9») (92— 9.) ' 

Writing a scalar symbol x for ft in the above formula we have 

gf. — & — 9%)( x — 9a) (a — gib . + (x — g^(x— g 3 ) (a — gj) , et(j 

{9i—92){gi—93) (fl'i— fl'-) * (92—9i){92—9s) {9a~ SO 

an equation in a? of the degree co, whose roots are g^, ^ 2 . . . . g M , as is evident 
39 
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on substituting g 1 for x, 9% for x, etc., in the equation. The equation may then 
be written as follows : 

(x — 9l )(x — <7 2 ) .... (x — g a ) = 0, or replacing x by p we have 
(* - fc)(* — ft) • • • • (* — fl , -) = 0. 
Again the formula for p n gives 

l=J + 5 +....+TF ; 

B = Bl etc., 

since ^4 B , J. C , etc., contain all the factors of the above equation and there- 
fore vanish. 

This proves that the letters A , B , etc., are idempotent and mutually nil- 
factorial. 

4. Rational function of p. — Having obtained expressions for powers of p, 
we come naturally to the consideration of a rational integral function of p of an 
order not less than a , which may be written as follows : 

n n 

^ a^ = £? a^A^ +- B^ + . . . . + W gt] , 



or Fp = A F 9l + B Q Fg % +....+ W Fg a . 

We saw that a matrix p had a reciprocal provided none of its latent roots 
were zero, and, since a rational integral function of a matrix is a matrix, the 
rational integral function Fp will have a reciprocal (Fp)' 1 provided none of its 
latent roots are zero. 

The reciprocal of Fp would be written 

(I®- 1 = ^o(^i)- 1 + B^Fg,)- 1 +....+ WoiFgJ- 1 ; 

because Fp . (Fp)- 1 = A + B + + W 

= 1. 

We may write then a rational function of p as follows : 

/& = :*& = A ° F ^ + B F l9a +.... + WpFtf. 
JH> F 2 p A F, 9l + B F i9i +....+ WoF# m ' 

where F x p and F % p are rational integral functions of p and where none of the 
latent roots of F^p are zero. This function may be written 
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or fp = A / gi + BJg % +....+ W*fg„ . 

5. Identical equation. — The formula for (p n gives 

<?>•* = A gt + B g%+ .... + W gZ, 

and, as we have already observed, A , B , etc., are functions of the first (a — l) 
powers of <£> and unity, and consequently the above is an equation between the 
first a powers of <£> and unity. No other equation of this or lower order will be 
satisfied by $, since A , B , etc., are linearly independent and therefore this is 
Cayley's " identical equation." 

The A , B , etc., may readily be shown to be linearly independent ; for if 
they are not, suppose the relation 

a A + b B + + w W =0, where a , b w Q 

are scalar constants. Multiplying this by A we get 

a o-°-o — , 
since A is idempotent and nilfactorial with respect to all the other letters B , 
G , etc., as shown in Art. 3 ; therefore a = . 

Similarly we may show that b = c = .... = w = and there is therefore 
no linear relation between these letters. 
Again we have 

<?> = A o9i + Bg t + .... + W g m , 
<p — 9i = B (g % — g x ) + O (g, — g x ) + . . . . + W (g m — g x ) , 
$ — 92= M9i — 9%) + <?o(#3 ~ 9») + + W (g„ — g%), 

$ — g» = Mgx — 9m) + B »(gz — g»)+ — + ^(y— i— g»)- 

Then since -4 , B , etc., are mutually nilfactorial we have 

(<?> — 9i)($ — 9z) • ■ • • (* — 9.) = o. 
which is the identical equation in product form. Here again it is obvious that 
<p satisfies no other equation of this or lower order, since the letters A , B , etc., 
are linearly independent. 

Hereafter when I use the term "the letters" without further specification, I 
shall mean the A's, B's, etc. 
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6. Sylvester's Formula. — The rational function of Art. 4, when written in the 
form fp = Aofg, + B fg % +....+ WJg m , 

is obviously Sylvester's formula for the particular case of a rational function, 

since the expression for A is y i~3$. 9v • • • • \9 9°>) an( j similarly for 

(9i- 9z)(9i— 9s) (9i— 9 J) 

the other letters. 

We have then, thus far, a means of reducing a rational function of $ to a 

rational integral function containing only the first a powers of 4>, beginning with 

$° = 1. 

(b). Sets of equal roots. 

7. Let us for convenience take the three examples that we considered in (a), 
where now we suppose some of the roots to become equal. 

1). Matrix of order 2. — Suppose in this case g 1 = g%, then proceeding as in 
Art. 1, we find for the difference equation 

the solution of which is 

r = (A + nAJ g\. ' 
If n= 0, then 1 = A , 

"n=l, " 9 =(A + A 1 )g 1 ; 

2). Matrix of order 3. — In example 2) of Art. 1, put g 3 = g lt then the differ- 
ence equation becomes 

{E~ gi )\E-g % )r = 0. 
The solution of this is 

^=(A + nA 1 )g^ + B o9i \ 

The expressions for the A's and B may be found as before. 

3). Matrix of order a. — Suppose we have a matrix of order o having as latent 
roots 9l , g % . . . . g r , g s of multiplicities p x , p % . . . . p r , p s , respectively. The 
difference equation then becomes 

(JE- 9l YiE-g^. . . . (.0 -&)*•**= 0; 

.-. <p = (A + nA 1 + n'A t + ....+- n*" 1 ^) g\ + (B + n B 1 +.... 

+ n^B^) ft +....+ (S + nS, + .... + n'-%,^ g? 
gi— i v%— i p,— i 

= g\ ^^A + 9l ^n*B k +....+ fi ]^V&. 
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The expressions for the A's, B's, etc., are obtained as before by giving n, o 
different values, when we get a linear equations for their determination. We 
shall find that 



A = 






1 








9i 


01 


9i 


g\ 


2gl 


±g\ 


9l 


3<7? 


Qgl 



gr 1 (o-i)st- 1 (o-i)"^- 1 . • • -gr l 



g% 
g\ 



1 





9s 


g s 


t/i 


zgi 


gl 


sgl 



gr 1 (o-i)^r- 1 . • • .(o-ir-vr 1 










9s 


2?.- 


~Ys 


3 j»- 


-Vs 



The factors of A may be found without serious difficulty. They are as 
follows : 

A = p.nV.n s n 8 (<7,-<7 v )v>v, 

a=l |8=1 y = l 

where (3^y, 

P=( P i-l)l(2h- 2)\ .... 2\(p*-l)l .... (p,- 1)1 .... 2\, 
and p i = ( jp ._i) + (p B _2)+.... + 2+l 

— pXpq. — 1) 

2 
Let us for convenience use A (j J to denote the determinant formed from 



A by substituting for its ^ th column the column 



1 
t 



<y 



— i 



; also let Xp„ denote 



Pi + P% +••••+ Pk, where h has any of the values 1 , 2 .... r. Then 



^ 



336 Metzler : On the Roots of Matrices. 

We get £ =s 

/an *=* / n (♦ — ^ 



/AN «=• , H to— ^) P " 

x#, 1 (^-j A+1 ).n , (j t+I -j,)(' i+ r«(»,-« . 8 ff e n {g t -g t )**\ 

7 = 1 8 = 1 e = l 

where {% + 1)<5^6^(J14- 1) < y, and where a, has any of the series of values 
mentioned before. 

The factor F p i x (a — # A+1 ) is a function of (a — # a+ j) of the order (p K+ i— 1), 

which does not contain as a factor A less either of its latent roots, and is in 
general different for each of the letters. This formula gives the expression for 
the numerators of all letters with the subscript zero, and for the numerators of 
the letters with subscripts other than zero we have 

A \2p k + v + 1) ~ F • "^T=r (♦-^ +1 )^ + i- '* »a +1 (4) ^ +l) 

7 = 1 €=1 



where v has any of the series of values 1, 2, ... . _p A +i — 1 > and where 

y ^ + i)>a> e >(a, + i). 

The numerical factor remains the same for all the letters with subscript zero, but 
varies for the others. 

Introducing now the denominator A on both sides we get 

A = n* (A - g,)*, . F pi _ x (A - 9l ) +n\ gi - fc)<* + P fl -D , 
/s=2 |3=a 

P=a - 0=1 

and similarly for the other letters. 
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8. Powers of q>. — The difference equation gives an expression for <f> n , and 
(since the latent roots of <p are different from zero) n may have any integral 
value positive, negative, or zero ; and here again the A% B's, etc., are functions 
of <£> containing the (a — l) th and lower powers, so that we have a formula for 
expressing in terms of these all other powers of <£>. 

9. Rational function of q>. — Here as in Art. 4 we may obtain any rational 
integral function of <£, and hence any rational function of <£>, viz. /^> = — ^?, 

provided none of the latent roots of F$ are zero. 
It may be written as follows : 

n n Pi — I fa — 1 Ps 



10. Vacuity and Nullity. — The determinant of the array of constituents 
forming the matrix is called the content of the matrix, and is denoted by \<p\ . 
If the latent function of <p be written in the form 

x a — m a _ 1 x°'~ 1 + m w _ a x w ~ 2 . . . . ± WjJC^f to = 0, 

then it is obvious that to is the content of <p ; TOj is the sum of all the principal 
first minors of | <p | , and generally ni K is the sum of all the principal x th minors of 
| <p | . If m = , the matrix <p evidently has one latent root zero and is termed 
vacuous. If to = , and m 1 dp , then <p has but one latent root zero, and is then 
said to be simply vacuous or to have the vacuity one. More generally, if all the 
to's from to to m K _ l are zero, and rn K dp 0, then cp has x latent roots zero, and is 
said to have the vacuity x. If \q>\ dp 0, q> has no latent root zero, and is then 
non-vacuous. 

If- all the (x — l) th minors of the content of a matrix vanish, but not all the 
X th minors, the matrix is said to have a nullity x. The nullity may be equal to 
or less than the vacuity, but never can exceed it. 

11. Identical equation. — If g lt g it . . . . g 3 of multiplicities p x , p^ p s re- 
spectively are the latent roots of <p, then the latent function of 4> may be written 

F{x) = (x- gi )"(x - gtf* ....{x — g.y. 

= ajxf + a m _ l x m ~ l +....+ a x x -\- a = 0, 

where a is the order of the matrix. 
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Then F(<p) = ajp' + o..^- 1 + + a& + a 

= M a »9i + a.-igl' 1 + +<h9i + «o) 

+ A(<M a gt + co — 1 .'a._ 1 sT _1 + + a^i) 

a 

+ A\{a*a>di + o — 1 -a—itf _1 + + atfi) + etc. 

+ AK^ + «a,_i^ -1 + + <h9* + «o) 

+ B^oajfi + (J— Laa.-iS 1 ?"" 1 + + «!&) 

+ etc., etc. 

= A > F *> + <*&)*> + ■ ■ ■ ■ + *«)'* + • ■ ■ • 

+ etc., etc. 
But Fg x = F'g x = F"g x =.... = i^" 1 ^ = 0, 

Fg 2 = F' 9i = = JP*. -»& = , 

etc., etc. 
■•• *fo)= (<*>-<7i) p, (<?>-&) p *- • • • (*— &)*' = o. 

In general $ does not satisfy an equation of lower order than the one above, 
in which case it is the identical equation. 

When <p does satisfy an equation of lower order the identical equation is 
said to degrade. It is evident that <£> satisfies but one equation of lowest order. 

We have yet to prove, however, that 4> less either of its latent roots must be 
contained among the factors of this equation of lowest order. We proceed in 
the first place to prove certain properties of the A's, B's, etc., which we require. 

Having the above equation and knowing the factors of the A's, B's, etc., we 
see that the letters of one set are nilfactorial with respect to the letters of any 
other set, and that all the letters except those with subscript zero are nilpotent. 

We have 

1 = A + B + + S ; 

.-. A = A\, B = B'i, etc. (multiplying by A , B , etc.) ; 
also xii ^^ J3.QJ3.J ^^ jQ.-yA.Q, jcx^ -— j3.q^3.2 ^~ -o-2-^-o j etc., 

B x = B B 1 = B X B 0! etc., 
etc., etc. 

Therefore the letters with the subscript zero are idempotent and also idemfac- 
torial with respect to all the letters of the same set. 
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Some of the letters with subscripts other than zero may vanish. If A K = 0, 
then all the A's with higher subscript vanish, for A K contains the factors 
($ — 9z) P2 (^ — 9zY 3 ••••(<?> — QsY'ity — 9iY besides a homogeneous rational 
integral function of $ and its latent roots, which is non-.vacuous as mentioned 
in Art. 7, and therefore does not affect the vanishing of A K ; consequently 
($ — g 2 ) p * ....($ — g s ) v >{<p — gx) K = 0. But this is a factor of all the A's with 
higher subscripts, they then also vanish. 

The A's, B's, etc., are linearly independent. To prove this it is sufficient to 
show that the J.'s are linearly independent, for assuming a linear relation 
between all the letters we have but to multiply it by A to get rid of all the 
other letters, leaving a linear relation between the A's. 

Suppose A Pi _ ai _ lf B p<t _^_ 1 . . . ./$£,,_„,_! are the letters with the highest 
suffices which do not vanish, and suppose the relation 

a A + a 1 A 1 + a 2 A !S + . . . . + a 3 , 1 _a 1 -i-4 Pl -. 1 -i = 0. 

Multiply by fo — fl)*— -»• 

.-. oAfo - gr)^-"- 1 = 0, but 4,(0 - gtf^- 1 dp ; 
.-. a = 0. 

Similarly all the other coefficients may be shown to be zero and therefore 

no linear relation exists between the A's or any of the letters. 

Now suppose 

Fg — ag" + bg"' 1 + . . . .lg+m 

to be a rational integral function of g, of order x equal to the order of the lowest 
equation which <p satisfies. Then 

Fq> = aQ" + op- 1 + ....+ 1$ + m 

= M a 9l + b 9l~ l + + l 9i + m ) 

+ Afaafi + x — lb gr 1 + •••• + fa) 

+ A^agl + x — l%r 1 + +?9i) + etc. 

+ B 6 {agl + b gl~ l + +& + »») 

+ B x (xagl + x — lbgl~ l + ....+ lg 2 ) + etc., etc. 
= A F 9l -f g 1 A 1 Fg 1 + g 1 A i (F'g 1 + 9l F" 9l ) + 9l A 3 (F' 9l + %g,F<g x + g\F»< gi ) 

+ g l A t (F'g 1 + 7 9l F» 9l + BglF'% + g\F<"' 9l ) 

+ 9iMF'9, + \ZgxF"gi + ^giF'% + 10glF"" 9l + giFi'1%) 

+ etc. 

+ B Fg, + g 2 B x F'g 2 + flrA(*V, + fl^'fc) + et c- 
etc., etc. 
40 
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= A F 9l + 9l + g 1 A 1 F'g 1 + .... + A(g^ F 9l + .... 

+ B Fg 2 + g % B x Fg % + .... + B^g^jFg, + .... 

+ etc., etc. 

Since the A'b, S's, etc., are linearly independent, the necessary and suffi- 
cient condition that F<p = is 

F 9l =0, F' gi =0,.... F^-^-% = ; 
Fg t = 0, F'g,= 0, . . . . I*»---»g t= 0; 



Fg.= 0, F>g,= F<»—- i >g,= 0. 

These results show that the roots of Fg = are g x , 9i .... g 8 , of multiplicities 
Px — «!, j?j — Og, . . . . p s — a, respectively, and consequently 

i^> = (<?> — gi) v '~ ai ($ — gz) 3 "*'"* .... ($ — g,) p '~ a ', (to a scalar factor), 
where 4> less each of its latent roots occurs as a factor. 

11. Some latent roots zero. — We now come to the case where some of the 
latent roots of $ are zero. 

12. As before, let us consider a few examples and observe the form of the 
difference equation and its solution. 

1). Matrix of order 2. 

Latent roots g x , 0. 

We obtain the difference equation 

E{E — #i)4> w = , which gives as solution 
^ n = A gl, forw^l; 

• •• 4> n = M -1 
This is the same value of ty n as would have been obtained by putting g % = in 
the expression for <p n , in example l), of Art 1. 

2). Matrix of order 3. 
Latent roots g lf 0, 0. 
The difference equation is 

E%F— gi )r=0; 

.: c(> n =A g?, for n^ 2; 

.-. $ n = $ i g?- z . 
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This again is the same expression for <p n as we should have obtained by putting 
g % = g z =. o, in example 2) of Art. 1. 

3). Matrix of order a. 



Let the latent roots be g x , and of multiplicity o — 1 . 
The difference equation is 

E"-\E- gi )r'=0; 
.-. ^ n — A gl, forra^o — 1; 

This also is the same expression as we should have obtained by putting 
92 = 9s= • • • • —g a = 0\ in example 3), of Art. 1. 

4). Matrix of order a . 

Take the most general case, where the latent roots are g lt g t . . . . g r , 0, of 
multiplicities p lt p s , . . . . p 3 , respectively, and where p 1 + p z -J- . . . . -\- p a = o . 
The difference equation is found to be 

(E—g^E—g^ (E— g r )»E»$»= 0. 

For n >p a the solution of this is 

j»l— 1 Pi — 1 pr—l 



It is obvious that it makes no difference what values we give to n, in the 
solution of the difference equation, to obtain expressions for the A's, B's, etc., as 
long as we take any o different values which n may have ; so that in this case we 
get for A the following : 



A = 



g? p,gt 



gr 1 (a— 1)^ _1 



gr 



+i 



•,«— i 



gr 
g?' +1 



n p- 



(p. + iy- 1 g? +1 



(«— l^-vr 1 
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If we examine the equations from which the A's, B's, etc., are determined, 
we shall easily see that the A's, B's, etc., of this case are what the A's, B's, etc., 
of example 3), Art. 7, become, when g s is put equal to zero ; and consequently 
the expression for <p n found here is what that found in example 3), Art. 7, 
reduces to when g s = . 

For n<Cp s , the solution of the difference equation is 

Pl — I Pr — 1 



where N n is some expression resulting from the solution of E p, q> n = 0, and may 
be determined in the same way as the expressions for the A's, B's, etc. When 
n>p s , N n = 0. 

If the expression for N n be determined, as just mentioned, it will be found 

to be what the term gf N a n A £ A reduces to when g s = . This term does not 

o 
vanish when g s becomes zero, as might appear. 

We have g%S = 0, when w > 1 and g s = ; 

and 0?&=O„ " «^ s " flr, = 0; 

as may easily be seen from their factors given in Art. 7. 

That N n is what this term reduces to when g s — 0, is also apparent from the 
fact that the solution of 

(E—g x y»(E—g t )». . . . {E—g r y*E»(p=0 
is the same as what would result from putting g s = in the solution of 
{E—g^E—g^. . . . (E- g r )**{E—g ,)*><}>«= 0- 

We arrive at the conclusion, therefore, that the formula for <p n when none of its 
latent roots are zero, still applies when some of them become zero. 

13. Expression for unity. — In the cases where none of the latent roots were 
zero we could put n = in the solution of the difference equation and obtain ah 
expression for unity, but when q> is vacuous we cannot do so. In the general 
case when none of the latent roots are zero we have 

l = A + B + C + .... + S , 
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which is an identity; that is, if developed according to powers of 4>, the coeffi- 
cient of each power of ty (which is a function of the latent roots) would be iden- 
tically zero. This property of the coefficients still subsists however small any of 
the latent roots become, and consequently is still true when one of them becomes 
zero. Suppose g, = , and denote by A' Q , Bq . . . . S' what A , B . . . . S become. 
"We have then 

1 = 4 + ^+.... + $, 

which is an expression for unity when some of the latent roots are zero. 

14. Powersoft — The difference equation gives us an expression for $" ; 
but <£>, being vacuous, has no reciprocal and therefore n can have only positive 
values. This formula for q> n gives a means of expressing the o> th and higher 
powers of $ as rational integral functions of the (a — l) st and lower powers. 

15. Rational integral function of ty. — Having an expression for any positive 
integral power of ^» , we can write any rational integral function of an order not 
less than a as follows: 

n n Pi — 1 Pr— 1 



16. Identical Equation. — We have 

4»- = (4, + aA x + etc.)tf + (B, + oB l + etc.)tf + + (R a +oR 1 +-etc.)# ; 

and it has been observed that the A\ B's, etc., here are what those of Art. 11 
reduce to wheng B = 0. This expression for <2> w is therefore what the expression 
of that article reduces to when g s = , and therefore it may be written 

fr-gjtodp—g,)*.. . .(<p — g r r $?• = <), 

which is the identical equation unless 4> satisfies an equation of lower order. 

Having this equation, the factors of the various letters show that (1) the 
letters with subscripts other than zero are nilpotent and (2) the letters of any 
one set are nilfactorial with respect to the letters of any other set. From the 
expression for unity, as given in Art. 13, it may be shown in the same manner 
as in Art. 11, that the letters with subscript zero are idempotent and also idem- 
factorial with respect to all the other letters of the same set. 

Each one of the sum of S's of which N^ is composed contains all the factors 
of the identical equation, and consequently N^ is nilpotent. 
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It may easily be shown that all the letters, including N^, are linearly inde- 
pendent ; and we have therefore sufficient data for showing in precisely the same 
manner as it was shown in Art. 11, that <£ less each of its latent roots must 
appear as a factor in the identical equation ; and also that <p satisfies no other 
equation of the same order. The identical equation may then be written 

(<?> — <fc) P '~ a, (<?> — ^) P3_a ' • • • • (<p-9r) P '-^- a> =0. 

§2. — Properties of the A's, B's, etc. 

17. We have already proven that : 

(1). The letters with the subscript zero are idempoient and idemfactorial 
with respect to all the other letters of the same set ; 

(2). The letters of any one set are nilfactorial with respect to the letters of 
any other set ; and 

(3). The letters with subscripts other than zero are nilpotent ; 
and we shall now establish a relation between the letters of any set. 

18. Relation between the A's. — All the letters of any set; with subscripts 

greater than unity, can be expressed as powers of the letter with subscript unity 

according to the following law : 

L\ = %\ i A . 

This relation may be established in two different ways as follows : 
First Method. 
We may write 

40 = 4>[fo> — 9i) + gi] 

= AIM® — 9i) + 9i] 

= A o9l lN+l], 

where Nis put for °vP ~ 9i) t 

9i 

Let us denote by log (JV+ 1) the series 

*-£+£-£+.... + (-.>■-?+.*, 

which is finite, since the pf and all higher powers of N vanish. 
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If we develop e l08lN+1) = e^-T + T -et0 - according to ascending powers of N, 
we shall find that the coefficient of N is unity, that the coefficients of the 2 nd and 
of all higher powers as far as we choose to go vanish, and we know that all terms 
containing the pf and higher powers vanish, because N Pl contains the identical 
equation as a factor. 

We may therefore write 

= A g 1 e A , 
where A is put for log (1 + N) . 

A^=.A^e nA ; 

.: A o r = A g^l + nA+^f- + ^ + eto.) 

= gl(A + nA + £i' + ^ + etc.), 

A being idemfactorial with respect to the A^s. 
The expression already found for <£> n is 

<j) n = (A + nA, + n z A z + etc.)g? + (B + nB 1 + etc.)g? + etc. ; 
. -. AtfT = (A + nA, + n % A % -f etc.K . 

These two expressions must be identical ; 

.-. A, + nA, + etc. + n p ^A Pi _,= A + nA + ^ + . . . . + |^'i")! ' 

It is obvious that A p > = 0, since N p > = ; 

.-. (^-^) + «(^-^) + » 2 (^-A) + ^(^-^)+etc. 



+ ^- 2 ((^yi-^-0^°- 



In any case this is true for all positive integral values of n, and therefore the 
coefficients of the various powers of n must be identically zero. We have then 

A = A, and generally A K = % I A K . 

Having all the A's expressed in terms of A, we can find the relations 
between them; and in an exactly similar manner the same relation may be 
found to exist between 5's, C's, etc. 
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This proof of the relation is due to Dr. Henry Taber. I have found a proof 
of it based on the fact that 

(A + A-L + etc.)* = A Q + XA t + X*A t + etc., 
which is somewhat long and complicated but not without some interest. It is 
as follows : 

Second method. 

For convenience suppose we have a matrix <£> of order a whose latent roots 
are g x , gr 2 . . . . g, occurring p x + 1 , p 2 -j- 1 , . . . . p s -\-1 times respectively. Write 

2 

a 8 for 2 a — 2, 

a 3 " 3 8 — 3 — 3(2 3 — 2), 

a 4 " 4 4 — 4 — ^{3 4 — 3 — 3(2 4 — 2)} — 4{2 4 — 2f, 



ft n v-i ! Pi t>i ! ft »i ! ft 

„ " OT ft ^ £11 n p+p til n til n 

«*. Pi Pi ( Pl —z)\z\ a * eic ( Pl — k)\k\ a * •■■• ( Pl —l)\ a P'- 1 ' 

A. 

where a 2 = 2 A — 2 , 

a 3 = S K — 3 — 3(2*— 2), etc., etc.; 

also write 

TforA 1 + A t + + A Pl . 

It is readily seen that 

a 2 =2 8 — 2, 

a 3 =(3 3 — 3) — 3(2 3 — 2), 

a 4 = (4 4 -4)-4(3 4 -3) + t^(2 4 -2), 



i = (5»- 5)- 5(4 5 - 4) + *^(s«— 3)- ^(2 5 - 2), 



2 

2 v " "' 2.3 



«p= (/— P)— P(P— I*— P— !) + •••• + (— 1 )"(JZ^)T^.(P— xP -P- x )--- 

.... + ( _ 1)P ifcpl) (2 ,_ 2)) 

where the subscript of p has been dropped for convenience, since no confusion 
can thereby arise. 
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p 
Separating the value of a v into two parts we get 

-P+Pto-i) + ....-(-i)- - ( p _/l 1)lkl ------(-V p p(p-i) 

=p\ +p(i — ly- 1 





-p\ . 




We know that 


K 


= for 


«•<«, 


n 


= « ! , 




n+l 

a» : 


= \n{n 


+ 1)!, 



"+» (n(n— 1) . m ) , . „. , 
«» = }- L -2B- i + 3]}(rc+2)! ) 

"+* r « ,n(n — 1) ( 1 . 2 , , \ 

a "-L(X+Ty! + 2~ i(aT2j! + 2Tal + etc -J 

n(n-l)(n-2) j 1 , 3 1 

+ 31 l(a + 3)! + (^-l)! (2!) 2+etC -J 

4- | gj [ 1 | « + l | etc] 

^ • • * • 1" („ + i) ! (« — x _ i) \ (^ h_ 7 C _|- i) i ^ (2!)" ^ — x + i)\^ 'J 

+ etc.] (n + X)\ 

(X x z x 3 \ n 

T "I" ol "I" ol + • * ' * ) ' 

multiplied by (n + a,) ! . 

Having obtained the foregoing auxiliary theorems we may proceed to the 
more direct consideration of the relation between the letters. 

Taking the various powers of T up to the p th we get 

1). T=A 1 + A,+ .... + A, 

.-. T 2 + 2T= 2A 1 + $A % +....+ WA V , 

2). T*= 2 ! A 2 + o\a 3 + .... + a\A p = 2-Af + 22-M,, 

41 
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3). T z = 3 ! A 3 + a s A 4 + ....+ q s A p = 2A\ + 3XA\A Z + 62AA^s, 



n). T n = n\A n +'£a h+ x +.... + a n A p = 2J? + nZA\~ x A % + etc. , 



p). T*>=p\A p = Jf. 

From these equations we easily get, on multiplying by proper powers of 
the various A'b, 

AZ = (p — x)AlA p _ K =x\(p — x)\A p _ K A K , 

A{-*Ai = {p — pX) ! A P _^A£ , 
etc. 
M = (*i a, (*» 0" 2 - • • • (*» l)-(p-«I--*f — .... -<r) ! 45 . . . .A p _^ .... „,-. 

In this way we get all relations between expressions of weighty. 
From equation p — 1) we get 

Ar-^ + ip — i)4r 8 A = (jp-l)!4-i + i(i> — l)p!^- 

••• Ar 1 =( P — i)!^_i. 

Similarly, as in case of weighty, all relations between expressions of weight 
(jp — 1) can be found. 

A»r K A K _i= (p — X) ! 4,_ A 4-i, 
etc. etc. 

4T 1 = (*i '•)"' (** 0° 2 - •••(«- 0""te> — *F - «P • • • • <r- 1) > 4; • • • • ^ P - K) a ' .... J--i. 

From equation £> — 2) we get 

4r 2 + ( P -2)a*>- s (a z + 4) + (i? ~ 2) (i? "~ 3) ^r 4 ^ 



= (^-2)!^_ 8 + ^-2)( i >-l)!^_ 1 + {^+ (j? ~ 2) 2 ( 3 P ~ 3) [i>!4; 
••• -4f-» = (i)-2)! J,_,. 

Again, we could proceed as before and obtain all relations between expressions 
of weight (p — 2) . 

Suppose we have performed all the operations and found all the relations 
between expressions of the same weight to A" +1 = (n ;f l) ! A n+1 . 
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Then let us consider equation ri). — 
Al + nAf 1 (A 2 + A 3 + etc.) + . w ( n ~ 1 U r' (4. +A 3 + etc.) 2 + etc. 

= n\ A n + \n(n + 1) ! A n+1 + ....+ a n A n+k +.... + a n A p . 

I wish now to show that the terms of weight (n + X) on the one side of the 
equation cancel those of the same weight on the other side, where X may have 
any integral value from 1 to p — n . 

Collecting the terms of weight n + % on the left hand side of the equation we get 

^f-'A+i + ^=^Lr'(4 + . + 2-Ma + 24A-! + etc.) 

+ «(n-l)(n-2) ^-3 ( /3 + 3 + 32^A_ X + etc.) 

<5 ! — g- 

• • • • + (« + i)l (n-^+i)! ^""" 1 ^4|±1 + <* + l)Sil,M x _. + 1 + etc.) + etc. 

Replacing each of the terms in this by the proper function of A% +x we get 

f n + »(» — !) [ _J . _2_ + 2 + etc 1 

L(X + 1)!^ 2 1(^ + 2)!^ 2! a! ^3! (X — 1) ! ^ J 

w(n — l)(n — 2) f 1 , 3 , 6 | 

^ " 3! l(^ + 3)!^(2!)*(^ — l)!^'---^ 2!^!{^ — x) ! ^ ew5# J 

+ + »] { * ■ « + i ■ ctc l 

^ * ' * * x (x + 1) ! (n - x + 1) ! U + * + 1) ! (2 !)« (X— x 4- 1) ! ^ j 

+ etc ]4j+\ 

This is at once seen to be -. — a " . , A? +K . 

(n + A,) ! 

But^+ A = ( W + ^)!^ w+A . 

Therefore the term of weight rc + A, on the left is equal to the term of 

weight n + % on the right which is a n A n ± K ; 

where n may have any value from 2 to ^>, and therefore our theorem is 
established. 

In a similar manner the same relation may be shown to exist between the 
letters B, O, etc. 

* These terms will not appear unless — ^lii is an integer. 
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19. Relation between the N^. — We have already observed that N^ was nilpo- 
tent and nilfactorial with respect to all the other letters, and, knowing the fore- 
going properties of the A's, B's, etc., we may now find the relation between the 
2V; of Art. 12. 

$ = (A + A, + etc.)^ + (B + B x + etc.)g z + . . . . +(R + R,+ etc.)g r + N x , 
<p* = (A + 2A X + etc.)$ + (B + 2B X + etc.)^ +....+ {B + 2R, -+- etc.)/, 4- N 2 

= {(A + A 1 +etc.)g 1 +.... + (R + R 1 +....)g r + N 1 }* 

= (A + 2 A, + etc.)g\ + (B + 2B X + etc.)^ + ....+ (R + 2R 1 + eto.)gl + N* ; 
.*. N Z = N\, and generally it will be found that N^^Nf. 

I shall hereafter omit the subscript of N X . 

§3. — Law of Latency. 

20. I shall consider the two cases, first where none of the latent roots are 
zero, and second where some latent roots are zero. 

First case. — Suppose A Pi _ at , B Pu _ ai .... <$,,_„, are the letters with greatest 
subscripts which do not vanish. The rational function of Art. 9 may be written 
as follows : 

tl 91 Pj — a j p a — as 

2 a *** = 2£ °m[^o + gi 2 ^ A " + • • • • + #& + sf £ ^ A &] 5 





n 




TO p, — a x f>2 — °a 



then, writing }* a^^fty, we have 
o 

TO p, — a x 

i/P —f9i) = ^ «*[# £ ^x + (tf ~ gi)B 9 + gt ^?(i k B k + etc. 

*" 1 1 

Pt — » » 

+ (# - 9t)So + <tf ^ itS k ] , 

1 

ft Pl~ a x Pa — o» 



1 

In the first equation J , in the second B , in the third C„, etc. and in the 
last # do not appear. 



Metzleb : On the Boots of Matrices. 351 

Again 

(fp — fgi) Pl ~°" obviously contains none of the A's, 

(/4>-/^) Pa_aa " " " " ^'s. 

(h—/ffs) p '- ai " " " " -S'a, 

(f$—fgi) Pl ~ ai (f<p—fgz) p '~'* '" " neither A'b nor B% 

but contains all the other letters, 

(/^> — ^i) p,_a ' (fp —fg^) n ~ ai {fp—fgrY'~ ar contains none of the letters but 

S's, and 

(fp -fgi) p >- a ' (fp -fg*y>- a > .... (fp— fgsY-* 1 = o. 

The above expressions of the type (fp — fg) and their products and powers 
are evidently the expressions of lowest orders in fp that have the characters 
specified viz. as to the absence of the A's, B's, etc. 

The latent roots of fp are fg lt fg 2 . . . .fg s of multiplicities at least p x — On 
Pi — <*2. • • • -Ps — a s respectively. 

If ai = a a = ....= a s = , then the latent roots of fp are fg lt fg s , . . . .fg g 

8 

of multiplicities P\, p^. ■ • .p& respectively, since > * p K = a , and fp has a latent 

roots. 

Second Case. — Suppose, as in the previous case, that A Pi _ ai , B Pi _ ai . . . . B Pr _^ 
are the letters with greatest subscripts which do not vanish and that JV* ,_a8 is the 
greatest power of N that does not vanish. The rational integral function of 
Art. 15 may be written as follows : 

n n Pi — a, pt — ar 

1 1 

Making use of the expression for unity and proceeding as before we have 

n Pj — » i 

{Fp — F 9l ) = ]►? **[#■]►£ ^ + (tf - ^)^o + etc — Stf + 2P] , 

" 1 

» J»i — " i Pa— a a 

(i^> - JPfc) = ^7 a M [(tf — g$)A + gf^fAi + # ]£ ^+ • • • .-^+^], 
; o ii 

(Fp-Fg r ) = ^?a^[(g?-g?)A + .... + g?^[i'B,—S g? + N»~\, 

o 1 

" Pi— " l pi— O r 

(Fp —F,) = ^ «m[#4> + <tf ^ ^ A + ••••+ # £ V- KR * + ^] 
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A disappears from the first equation, 
B " " second " 



S " " last 

(F<p — i^ 1 ) Pl ~° I obviously contains none of the A'b, 
(F$—Fg i ) p >- a > " " " " B's, 

(F$ — F o y— a ' " does not contain N; 

and as before, 

(Ffy — Fg^-^ (F$ — Fg z ) p >-°* .... (Fp— Fg r ) '—*(Fp — F o y»— = 0. 

The above expressions of the type (Fq> — Fg) and their powers and products 
are evidently the expressions of lowest orders in Fp that have the characters 
specified viz., as to the absence of the A'b, B's, etc. 

The latent roots of F$ are Fg lt Fg % . . . . Fg,., F , of multiplicities at least 
Pi—UnPz — «z ps — «« respectively. 

If aj = a 2 = . . . . = <x 8 = then the latent roots of F<p are Fg l , Fg % Fg r , F , 

s 

of multiplicities p x , p % , p 3 , . . . .p s respectively, since / k £ Pk = a, and F<p has a 
latent roots. x 

§4. — Nullity of the factors of the identical equation. 
21. ,Let the identical equation be 

(<?> — 0l) P '" aj (*— ft)*— • • • • (4>— 9r) r ~" ¥""* =0- 

Denote all the factors of this equation except the first by i^i • 
Then 

(*— 9i) Pi ~ ai ^i=0, 
&*[$— 9i) P, ~ a '^i] =o. where ^[$] denotes "the nullity of^". 
But -^[^i] < « — Pi, since vacuity of ^i is o — Pi, 

and N y [(<t>— (ft)*'-"] ZPu 

.-. N y [4> 1 '] = a—p 1 , 
and N y [(<i>—g i y>-"q=p 1 . 
Similarly, N y [(p—g^-\) =p k . 
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Let 

fa = {<$> — gz) Pi ~ ai fa- 

We know that 

-^M = "— ft. 
or N y {(<}> —g z ) p >- a > fa) = " —ft • 
But N y [{<t>-g % y»-*>-] =p % and 

-^[^2] < 0— ft~ ft > s i nce tne vacuity of fa is «— p x — jp 2 ; 

•"• ^M = o— Pi— ft • 
Again 

-^[(4>-S'l) J,1 " ai (^> — ^-^ < ft +ft> 

^[(*-fl'i) ,,, -" 1 (*-fl'.) p '-"*-'<M =0; 
••• #,[(*— 9'i) P,_ai (*-0>)*— ] =ft + ft = 
and generally 

fylto— ^i)" 1- '" fo-fc)*"- • • • • (4>— 0a) p *"\| =ft + ft + • • • • + ft- 

§5. — Boots of a Matrix. 

Under this head I shall distinguish two cases, 
I. When the latent roots are all different from zero and 
II. When some latent roots are zero. 

I. — Latent roots :£ . 

22. Knowing the expression for the A's, J5's, etc., and the relations between 
them, we may write the expression for 4> n as follows : 

<F = Atfe*** + Bog%e n£ > +.... Stf**. 
Writing in this formula n= — we get 

$- = A^e' + Bje™+ . . . . + %;# . 
Taking the «i th power of both sides we get 

<p = A g x e A > + B g^ + .... + S g s e s > ; 
.•. <p has an »i th root. 

23. In the formula for $ m we have s different m-valued functions, viz. 

g" ,g%,...'.g», and consequently taking all possible combinations of these values 
we get m 8 different rn tb roots of <p. 
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24. It may be interesting to consider a few examples to show something of 
the character of the various functions F entering as factors in the A's, B% etc. 
1). Matrix of order 5. 
Latent roots g x of multiplicity five. 

$ = A g?e^> = (A + nA x + n*A % + n s A 3 + n'AJg?, 
A = 4! 3! 2! g x 10 , 
A = l, 

4<fc* + 3g x * Jfc» ^' 9l ' 

a _ ii (»—yi)* _ (»-fl)' , (y— <h) a 

2 ~24 &« 2<^ ^ 2^ ' 

a _ .. (ft-ffi) 4 i (<t> — 9i? 
4g x * + 6tf ' 

2). Matrix of order 6. 
Latent roots all equal. 

A=5! 4! 3! 2! ^ u , 
A=l. 

A - (4>~ &)' _ (» -ft) 4 . (<?> — ft) 3 _ (4>-ft) 2 - (ft — ft) 
5ft 5 4^ + 3fc» 2*^ ^ ^ ' 

A --- ^ft-ft) 5 + l'(ft — ft) 4 _ (ft~ ft) 3 ,(<?> — ft) 8 



12^ 24^* 2^ 2g 

3 24^ 4^ T egr, 3 ' 



l 



. (ft -ft) 5 , (<?>-ft) 4 

12^ T 24^ 



j _ .. a«p — ft; 4. 



A - (<?>- ft)" 

^ 5 5T^" 

3) . Matrix of order a . 
Latent roots all equal. 
<p = A g n x e nA >, 

A = (a — 1) ! (<a — 2) ! 2 ! #~ 

4,= i, 



fti(co — 1) 
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i (<* — 9i) 



1 l '(«-l)*r 1+l j (_-%r 2 + 

, ' _ (»-yi)- 1 

4). ifafna; of order 4. 
Latent roots g x = g 3 = # 4 , g t . 

r = (_t + nA 1 + «M,)^ + 2?«tf , 

A=2! 9i( gi -g z )\ 

a _ (» - gi) 1 (» - <7i) 2 + (» - 9x) (g» - 9i) + (ft - <7i) 2 1 

_l _____ , 

5). Matrix of order _. 

Latent roots g 1 = g 3 — g i = = ^, +1 , g % = 9 r j)+2 = = 0_ + .,, 

where ^> + § = „ . 

t=p— 2 |8=9— 2 j)(p— 1) q(g— 1 ) 

A=nCp-a)!. nfe-^l.flrr - "^ » (y.-a) w . 

a= 1 /3=1 



"_i 



where 



A - ^-9») 9 \h('p-9i) p - l +K-^-9i) p - a (9 a -9i) • • • ■+^(9^-9iY- 1 } 
° (-iFfa-*)"- 1 " " "" ' 

(— l)" + *~ 1 (fl'i-fl'i)"" 1 






i - ____) •••• __________ • 

^2 = _. 



;-, g.(g+i)....(g+^-2) 

ftA (a-i)i 



42 
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6). Matrix of order 6. 

Latent roots g x = g t = g s , g 2 = g e , g 8 . 

A = 2 ! g\g % (g % — g 1 f (g 3 - g % f (g, - g 3 ) s , 

A = ($-92)X$-g 3 )[($-gi)^Hg 3 -giT+Kg*-gi)(g2-gi)M9>-9i)^ 

+(Q—9i){ 2 (9s-9i)+(92—9i)\(93~9i)(9i—9d+^3—9iY{g2—gif] 
+ (92 — 9iY(9z — 9i) s - 

25. Negative fractional indices. — We have seen that we may write 



i a. 



i a, 



$• = A g{e" + B g£e" + + Stffe' . 

Substitute in this — rn for n and we have 



but 



l l Ji ^ S, 

+ ....+ S g7e m - 



4> = A#i e 



By definition <2> m <2> " = 1 ; and multiplying the corresponding sides of these 
two equations together we have 

4>V^ = 4> + -Bo + -... + tfo 
= 1. 

In the formula therefore for <£>" when no latent root is zero, n may have any 
integral or fractional positive or negative value. 

II. Some latent roots zero. — Before proceedingto the case where some but not 
all the latent roots are zero, I shall consider the case where all the latent roots 
are zero. 

26. — All latent roots zero — roots of zero. 
In what follows denote the matrix 

$ = \0 1 ) by 13 + 24 + 35 + 46.* 

10 

10 

1 





* The linear form representation of a matrix is due to Charles S. Peiroe ; and the notation employed 
here is virtually his. 
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The first number of each term of the sum indicating the row and the second 
the column in which the constituent appears, that is, <p is a matrix in which 
unity is the constituent in the first row and third column, unity is the con- 
stituent in the second row and fourth column, unity is the constituent in the 
third row and fifth column, and unity is the constituent in the fourth row and 
sixth column, all the other constituents being zero. Similarly in general. 

This canonical representation of a matrix was virtually given by Buchheim 
(in Proc. Lond. Math. Soc. Vol. XVI), but was first explicitly given by Weyr 
(Comptes Rendus, Vol. 0). 

If g a is an a nple latent root of $ and if a lf a x + a 2 , a x -\- a 2 + a 3 + +a p = a, 

are the nullities of the matrices (<£> — g a ), (<£> — g a ) 2 .... (<?> — g a Y, Weyr terms 
the numbers (a, a lt a 2 . . . . a p ) the characteristics of the latent root g a . 

I shall term two matrices of the same order equivalent, if they have the same 
latent roots with the same characteristics respectively.* 

In what follows, since all the latent roots are zero, I shall speak , of the 
characteristics of the matrix instead of the characteristics of the latent root zero. 

Consider a matrix <p of order a and suppose 

-^M = P> N vW =P + a i N v[¥] =^ + «i + «2+ a t _ 1 = a, 

where p > a t > a 2 > . . . . > a t _ x . 
If^* = $>, then 

W3 =P> W] =P+<h W] = «■ 

Let 

N v [4-] = a, then 

qa>p, and if a=l, q =jp 
a— z, q> -. 

We may now establish the following results, the most of which are restrictive 
on g , — being the index of the root. 

1). It is quite obvious that if a 4 _ 2 is the second last increment of nullity of 
successive powers of <£>, then <7<a*_ 2 . 

* Weyr defines two matrices of the same order as being " matrices de m£me espece " if they have the 
same latent roots with the same characteristics ; and adds that, if M and iVare two equivalent matrices, 
one can always find a matrix Q of nullity zero such that N= QMQ- 1 , which is a formula giving all 
equivalent matrices in terms of one of them. 
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2). (a). *- < a < p — <7 + 1 when 2- = an integer. 
Let iW] = a, 



^[^ ? ] = « + «!+ + a g _j —p. 

Then a will have its least value when a x +' a» + . . . . + a 3 _i is greatest, but this 
sum will be greatest when a r = a 2 = . . . . = a s _ x = a ; 
.*. a will be least when 

a + (q — l)a=j>, 

or a = ^; .-. a>^. 

Again, if a is to have its greatest value, a 2 + a 2 + . . . . +a g _j must have its least 
value, but this sum is least when a x = a 2 = . . . . = a 4 _! = 1 ; 
.•. a will be greatest when 

a + q — 1 = p; 

.-. a = p—q + l; .'. a^p — q + 1; 

••■ |<«<P — 2 + 1 - 

(b). [£] + 1 < a <lp — <? + 1 when 2. j~ an integer. 

Where \ — \ denotes the greatest integer in *- as in previous case, a 
H. zL 

will be least when o^ -f- <x 3 + . . . . + a q _i is greatest, that is when a x = a a = . . . . 

= a ? _ a = a and a ? _! is as great as possible ; 
.*. a is least when 

a{q— l) + a q ^ 1 =p. 
Now a must be greater than |±- j ; for if a = |^ | then a ? _i = jp — 2| 1 + | 1 
which is obviously greater than f-1, that is, a q ^ t >• a, which is impossible ; and 
therefore a >• PH . 
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Let <* = [£] +1; 



«.-i=P--*[f]-S + [£]+l- 



Buti) + l-^{[|]+lf<0; 

.*. aj_! < R-1 which is possible ; 

.-. a = |— J + 1 is the lower limit. 

If a is to have its greatest value, <x x + a 2 + • • • • + a g -i must have its least 
value ; 

.-. a + g- — 1=J); 

•'• a<p — g+ 1. 
Therefore PH + 1 < a < p — q + 1 . 

3). If i^[^J =p and ? > |, then i^[^ +1 ] = p + 1 . 

In this case a> 2 and hence it is obvious that the increments of nullity must 
reduce to unity at or before the 5 th power of 4 1 - 
As an immediate consequence of this we have 

N v m =P + q, W] =p + 2q.... N V W1 =p + {*-l)q; 
and .•. a x = a z = ....== at-i — q. 

Therefore there is no 5 th root of 4>, q being greater than ^ , unless the nullity of- 
successive powers of 4> increase by equal increments of q . 

4). If a K is the first increment of nullity that is less than 2q, then ^"-vs+a K +i 
has a nullity p + 2(x — 2) + 2a K + l, that is, the increment of -nullity for all 
powers of 4 1 greater than the \ (x — l)q + a K j- th is unity. 

••• N y m=p + 2( x -i) q . 

Let 2x + y = a K and x + y = q ; 

.'. x = a K — q,ovy=2q — a K . 
W q+ "1 =P + 2(* - l)q + 2x, 
or N y [4> Ki+ a * - ? ] = p + 2(» — l)^ + 2a K — 2q ; 
.: N v [V K -™+ a *] =p + 2(x — 2)q + 2a K . 
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But N v [^ +W ] = N w W q+m+v ] = p + 2(x — l)q + a K , 

... ^[^C- BJ+-. + 1] =i> + 2 (x — 2) + 2a„ + 1 ; 

and therefore the increment for all powers of $ greater than the \ (x — l)q-+a K j th 
is unity. 

5). If a K is the first of the a's that is less than 2q, then there is no q th root 
of <£> unless « K+1 = a K+2 = . . . . a t _ 2 — q- 

This follows as an immediate consequence of 4). 

6). If a K is the first of the a's that is less than 2q and if a K+1 = a K+a = • • • • 
= a«_ 2 = q, then there always exists a q th root of $. 

Let N,[$] = a , N V [V] =« + 2 . . . . N t {^] = <* + % - 1) =jp. 
Then 



4,= 12+23+....(x—l.q+a K —l)(x—l.q+a K )+*+(x—l.q+a K +l)(x—l.q+a K + 2) 
+ .... + .... +(« — a + l)(o — a + 2), 

where * denotes where a term, which in the natural sequence would appear, 
has been omitted. 

7). If the nullity of successive powers of q> increase by equal increments of 
(iq, (f*q <.%>), then there is always a q th root of <£. 
For take 

a=p — (i(q — 1), 

and give to successive powers of 4 equal increments of jj.; 
And we have 



^ A =a,.a,+p+a,+i.M-p+i+. .. .+x+o— ^+M<7— i)— i.a.-h»— jp+M?— !)+/*— *' 

where a, may take any of the values 



1,2, 3 jp_^( ? _i) + i. 

8). Ifg' = -|— 1- and a > 2^ + 3, then i^[^ s_1 ] = p — 1 ; and therefore 

there is no q th root of $ unless there are equal increments of q . 
Of course q > 2 ; and .-. J> > 2(v + 2) . 
-^M = a, ^L^ 2 ] = a + a lf etc. ; 

.-. a + a 1 +a s + . . . . +a a _!=_p. 
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Suppose ax = a % = .... = a g _ 2 = 2 and a g _ x = 1 ; 
.-. (* + (?- 2)2+ l=jp; 

.-. a =p — 2^ + 3 = 2v + 3 ; 
and therefore when a> 2v + 3 obviously i^^ 9-1 ] =p — 1 • 

27. I propose now to show that there is always a 5 th root of q> unless the 
law of nullity prohibits. 

I shall suppose the law of nullity does not prohibit and then show that there 
is a £ th root by finding it. 

Suppose a = i +/ + + x + 1 

and 

W°3 = *><><*, W' + M = 6„a + 6i(a-l) ., . . N,W*+ b >+~~ + «] =jp, 
where g = & + i x + 6 2 + ....+ 5j and 

j? = b a + bi(a — 1) + . . . . + b t (a — i) ; 

N y [^ + b '+q =p + b i+1 (a — i — l) ^[^« + ».+i+ -• + «.+/] =p-\-a 1 , 

where 

^+1+^+2+ • •• • +h+} = q and 

b i + j (a — % — 1) + + 6 i+ , (a — » — /) = ^ ; 

N y W+ b <+'+q =p + «! + & i+i+1 (a - * -/- 1), etc., 
etc., 

^[^ ( ' _1)g+6a - K + 6 °- K+1 + "" + da - a ] =i> + «i + « 2 + + at-% + 6 «-2' 2 > e t c -. 

i^[^«-^+»— « + »— «+i + -- + »— 1] = &„[&*] =p + a x + a, + . . . . + 6 _! = 6), 

where b a _ x obviously equals «<_i. 

We have then for 4 the following : 



+ = [12+ 23+ ... . + 6 _i.6 ] 2do +* + [& + l.& +2 + .. 



+ 2& + 6 X - 1. 2& + 6j SSi + * + 



+ [V + & 1 (i-l) + .... +6«_ 1 + 1.6 » + &i(» — !)+•••• +&i-i + 2 + 



+ Z>„(* + 1) + •••• + h — l ■ \{i + 1) + + &J», 

+ 

+ [fe (a — l) + 6,(a — 2) + 6 a _ 2 + l.Z> (a — 1) + .... +b i _ 1 + 2+ .... 

+ b a+ . . . . + &„_! — 1 . b a+ .. .. + fra-ilss,,..!, 
where 26 K denotes 5 + &i + ^2 + • • • • + b* an( ^ where & a + 6, (a — 1) + . . . . 
+ b a _ 1 = © the last term being therefore (o — l)o. 
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It will be observed that 4 is divided into a sets, each of which I have 
enclosed in brackets with a subscript indicating the power which causes that set 
to vanish. 

28. I shall now give all possible types of roots of nilpotent matrices of 
orders 3-10 inclusive. 

(a). — Matrix of order 3. 

NM = 2, ^[<?> 2 ] = 3; 
<|> = 13 = (12+23) a . 

(b). — Matrix of order 4. 

1). N y l<ti=2, W] = 4; 

$ = 13 + 24 = (12 + 23 + 34) a . 

2). NM = Z, W] = 4; 

$> = 14 = (12+ 23 + 34) 3 ;' 
or = 24 = (23 + 34) a . 

(c). — Matrix of order 5. 

1). #M = 2. NM\= 4, N,W] = 5 ; 

4>= 13 + 24 + 35 = (12 + 23+ 34 + 45)*. 

$ = 14 + 25 = (12 + 23 + 34 + 45) 8 , 
or = 24 + 35 = (23 + 34 + 45) 8 . 

3). #M = *. W3 = »; 

4,= 15= (12+ 23 + 34+ 45) 4 =(13+ 24 + 35) a , 
or = 25 = (23 + 34 + 45) 3 , 
" =35 =(34 + 45) a = (l2 + 34 + 45) a . 

Here, for the first time thus far, we have more than one type of root of the 
same index ; and hereafter when this occurs I shall give the characteristics. 
In this case we have, using ch. to denote "characteristics," 

ch W(5;3,l,l,0) 
r i(5;2, 2, 1,0). 
(d). — Matrix of order 6. 

1). NM = 2, N,tf) = 4, N y m = 6. 
Instead of indicating the nullity of successive powers of <p as heretofore, I 
shall for convenience simply write the characteristics of <p . 
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In this case we have 

ch. <p (6 ; 2, 2, 2, 0) ; 

<£ = 13 + 24 + 35 + 46 = (12 + 23 + 34 + 45 + 56) 3 . 

2). ch. <£ (6 ; 3, 3, 0) ; 

<?> = 14 + 25 + 36 = (12 -f 23 + 34 + 45 + 56) 3 , 
no. sq. root vide Art. 26. 3). 

3). ch. <p (6 ; 3, 2, 1, 0) ; 

$ = 24 + 35 + 46 = (23 + 34 + 45 + 56) 2 . 

4). ch. $ (6 ; 4, 2, 0) ; 

$ = 15 + 26 = (12 + 23 + 34 + 45 + 56) 4 = (13 + 24 + 35 + 46) 2 , 
or = 25 + 36 = (23 + 34 + 45 + 56) 3 , 
" =35 + 46 = (34 + 45 + 56) 2 = (12 + 34 + 45 + 56) 3 , 

f (6; 3, 1, 1, 1,0) 
ch. 4»M (6; 2, 2, 2,0,) 

I (6 ; 2, 2, 1, 1, 0) . 
5). ch. 4> (6 ; 5, 1, 0) ; 

<|> = 16 = (12 + 23 + 34 + 45 + 56) 5 , 
or = 26 = (23 + 34 + 45 + 56) 4 = (24 + 35 + 46) a , 
" = 36 = (34 + 45 + 56) 3 = (12 + 34 + 45 + 56) 8 , 
" = 46 = (45 + 56) 2 . 

* f(6; 4, 1,1,0) ch ^(6; 8, 1,1, 1,0) 
1(6; 3, 2, 1, 0), ^ 1(6; 2,2, 1, 1,0). 

(e). — Matrix of order 7. 

1). ch. $ (7 ; 2, 2, 2, 1, 0) ; 

<?> = 13 + 24 + 35 + 46 + 57 = (12 + 23 + 34 + etc.) 2 . 

2). ch. <?> (7 ; 3, 3, 1, 0) ; 

$ = 14 + 25 + 36 + 47 = (12 + 23 + 34 + etc.) 3 , 
no. sq. root. 

3). ch. $ (7 ; 3, 2, 2, 0) ; 

q> = 24 + 35 + 46 + 57 = (23 + 34 + 45 + 56 + 67) 2 . 

4). ch. <p (7; 4, 3, 0); 

$ = 15 + 26 + 37 = (1 2 + 23 + 34 + etc.) 4 = (13 + 24 + etc.) 2 , 
or = 25 + 36 + 47 = (23 + 34 + etc.) 3 . 
43 
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ch. 



5). ch. $ (7 ; 4, 2, 1, 0) ; 

$ = 35 + 46 + 57 = (34 + 45 + 56 + 67) 2 , 

= (12 + 34 + 45 + 56 + 67) 2 , 

ch w(7; 3, 1,1, 1,1,0) 

1(7; 2, 2, 1, 1, 1,0). 

6). ch. <£ (7 ; 5, 2, 0) ; 

$ = 16 + 27 = (12+ 23 + etc.) 5 , 

or = 26 + 37 = (23 + 34 + etc.) 4 = (24 + 35 + etc.) 2 , 

" =36 + 47 = (34+ 45 + etc.) 3 = (12 + 34 + 45 + etc.) 8 , 

" = 46 + 57 = (45 + 56 + 67) 2 = (12 + 45 + 56 + 67) 2 . 

' (7 ; 4, 1, 1, 1, 0) 

ch. ** J (7 ; 3, 2, 2, 0) ch. ^ \) 7 ' 3 ' *' h *' *' ° 
UU^O), 1(7; 2, 2, 1,1, 1,0). 

7). ch. $ (7 ; 6, 1, 0) ; 

$ = 17 = (12 + 23 + etc.) 6 = (13 + 24 + etc.) 3 = (14 + 25 + etc.) 2 , 
or = 27 = (23 + 34 + etc.) 5 , 
" = 37 = (34 + 45 + 56 + 67) 4 = (12 + 34 + 45 + etc.) 4 

= (35 + 46 + etc.) 2 = (12 + 35 + 46 + 57) 2 , 
" = 47 = (45 + 56 + 67) s = (12 + 45 + 56 + 67) 3 

= (12 + 23 + 45 + 56 + 67) 3 , 
" = 57 = (56 + 67) 8 . 

f(7;5, 1,1,0) f(7; 4, 1,1,1,0) 
^ \ (7; 4, 2, 1, 0) ck.tf \ (7; 3, 2, 1, 1, 0) ch. tf { J; »' *> < J' ' ° 
1(7; 3, 3, 1,0), 1(7; 2, 2, 2, 1,0), ((7 ' 2 ' % 2 ' *' *' 0) * 

(f). Matrix of order 8. 

1): cA. <f> (8 ; 2, 2, 2, 2, 0) ; 

$ = 13 + 24 + etc. = (12 + 23 + etc.) 2 . 

2). ch. $ (8 ; 3, 3, 2, 0) ; 
$ = 14 + 25 + etc. = (12 + 23 + etc.) 3 

3). ch. $ (8 ; 3, 2, 2, 1, 0) ; 

$ = 24 + 35 + 46 + 57 + 68 = (23 + 34 + etc.) 2 

4). ch. $ (8 ; 4, 4, 0) ; 

4> = 15 + 26 + 37 + 48 = (12 + 23 + etc.) 4 = (13 + 24 + etc.) 2 
no. cu. root. 
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5), ch. $ (8; 4, 3, 1, 0); 

4> = 25 + 36 + 47 + 58 = (23 + 34 + 45 + etc.) 3 , 
or = 13 + 46 + 57 + 68 = (12 + 23 + 45 + 56 + 67 + 78) 2 . 
6). ch. $ (8 ; 4, 2, 2, 0) ; 

$=35+46+57+68=(34 + 45+56+etc.) 2 =(12+34+ 45+56+ etc.) 8 . 
<*.** 1(8 5-3,1,1,1,1,1,0) 



i f(8;.3, 1, 1, 1, 1, 1, 0) 
1(8; 2, 2, 1, 1, 1, 1,0). 



7). ch. 4> (8 ; 5, 3, 0) ; 
4>=16 + 27 + 38 =(12+ 23 + etc.) 5 , 

or = 26 + 37 + 48 = (23 + 34 + etc.) 4 = (24 + 35 + etc.) 2 , 
" = 36 + 47 + 58 = (34 + 45 + etc.) 3 = (12 + 34 + 45 + etc.) 3 . 
ch. ^1(8 5 3,1,1,1,1,1,0) 



f(8; 3, 
1(8; 2, 



ch. 



2, 1, 1, 1, 1, 0). 

8). eh. $ (8 ; 5, 2, 1, 0) ; 

4> = 46 + 57 + 68 = (45 + 56 + 67 + 78) 2 = (12+45 + 56 + 67 + 78) 2 . 

i f(8; 4, 1, 1, 1, 1,0) 
1(8; 3, 2, 1, 1, 1,0). 

9). ch. $ (8 ; 6, 2, 0) ; 

$ = 17 + 28 = (12+ 23 + 34 + etc.) 6 =(13+ 24 + 35 + etc.) 3 

= (14+ 25 + etc.) 2 , 
or = 27 + 38 = (23 + 34 + etc.) 5 , 
" =37 + 48 = (34 + 45 + 56 + etc.) 4 = (12 + 34 + 45 + etc.) 4 

= (35 + 46 + etc.) 2 , 
" =47 + 58 =(45 + 56 + etc.) 3 =(12 + 45 + 56 + etc.) 3 

= (12 + 23 + 45 + 56 + etc.) 3 , 
" = 57 + 68 = (56 + 67 + 78) 3 = (12 + 56 + etc.) 2 

= (12+ 34 + 56 + etc.) 2 . 

5, 1, 1, 1, 0) 



ch. ip* 



(8 
(8 
(8 
(8 
(8 



4, 2, 2, 0) 

4, 2, 1, 1, 0) 

3, 3, 2, 0) 

3,3, 1, 1,0), 



ch. 4>* 



(8 ; 4, 1, 1, 1, 1, 0) 

(8; 3, 2, 1,1, 1, 0) 

(8 ; 2, 2, 2, 2, 0) 

(8; 2, 2, 2, 1, 1, 0), 



ch. 



i f(8; 3,1, 1, 1, 1, 1,0) 
1(8; 2, 2, 1, 1, 1, 1, 0). 
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10). ch. (8 ; 7, 1, 0) ; 

0= 18 = (12 + 23 + etc.) 7 , 

or = 28 = (23 + 34 + etc.) 6 = (24 + 35 + etc.) 3 = (25 + 36 + etc.) 3 , 
" = 38 = (34 + 45 + etc.) 5 = (12 + 34 + 45 + etc.) 5 , 
" =48 = (45 + 56 + 67 + 78)*= (12 + 45 + etc.) 4 

= (1 2 + 23 + 45 + etc.) 4 = (46 + 57 + 68)* 

= (12 + 46 + 57 + 68) 2 , 
" =58 = (56 + 67 + 78) 3 = (12 + 56 + 67 + 78) 3 

= (12 + 34 + 56 + 67 + 78) 3 , 
" =68 = (67 + 78) 2 =(l2 + 67 + 78) 2 =(12 + 34 + 67 + 78) 2 . 



ch. 0* 



ch. 0* 



(8 ; 6, 1, 1, 0) 

(8 ; 5, 2, 1, 0) ch. 0* 

[(8; 4, 3, 1, 0), 

' (8; 4, 1, 1, 1,1, 0) 

(8 ; 3, 2, 1, 1, 1, 0) ch. 0* 

J8; 2, 2, 2, 1, 1, 0), 



(8; 5, 1, 1, 1,0) 

(8 ; 4, 2, 1, 1, 0) 

(8 ; 3, 3, 1, 1, 0) 

(8; 3, 2, 2, 1, 0), 

(8; 3, 1, 1, 1, 1, 1, 0) 
(8; 2, 2, 1,1, 1, 1, 0). 



(g). — Matrix of order 9. 

1). ch. 4> (9 ; 2, 2, 2, 2, 1, 0) ; 
= 13 + 24 + etc. = (12 + 23 + etc.) 2 . 

2). ch. (9 ; 3, 3, 3, 0) ; 
= 14 + 25 + 36 + etc. = (12 + 23 + etc.) 3 . 

3). ch. 0(9; 3, 2, 2, 2, 0) ; 

^ = 24 + 35 + 46 + etc. = (23 + 34 + etc.) 2 . 

4). ch. 0(9; 4, 4, 1, 0); 

= 15 + 26 + 37 + 48 + 59 = (12 + 23 + etc.) 4 = (13 + 24 + etc.) 2 - 

5). ch. 0(9; 4, 3, 2, 0) ; 

= 25 + 36 + etc. = (23 + 34 + etc.) 3 , 
or = 13 + 46 + 57 + 68 + 79 = (12 + 23 + 45 + 56 + etc.) 2 . 

6). ch. (9 ; 4, 2, 2, 1, 0) ; 
= 35 + 46 + etc. = (34 + 45 + etc.) 2 = (12 + 34 + 45 + etc.) 2 

0) 
0). 



ch. ** f(»; 8, 1,1, 1,1, 1,1, 

1(9; 2, 2, 1, 1, 1, 1, 1, 
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7). ch. $ (9 ; 5, 4, 0) ; 

$ = 16 + 27 + 38 + 49 = (12 + 23 + etc.) 5 , 
or = 26+37+48+59 = (23+34+45+etc.) 4 = (24 + 35+46 + etc.) 2 

8). ch. <?> (9 ; 5, 3, 1, 0) ; 

# = 36 + 47 + 58 + 69 = (34 + 45 + etc.) 3 = (12 + 34 + etc.) 3 , 
or = 13 + 57 + 68 + 79 = (12 + 23 + 57 + etc.) 2 . 



ch. Q* 



i f(9; 3, 1, 1, 1, 1, 1, 1,0) 
2, 2, 1, 1, 1, 1, 1, 0). 



f(9; 

1(9; 



9). ch. $ (9 ; 5, 2, 2, 0) ; 

$=46 + 57 + 68 + 79 = (45 + 56 + etc.) 2 = (12+ 45 + 56 + etc.) 2 . 

(9; 4, 1, 1, 1, 1, 1,0) 
2, 1, 1, 1, 1,0). 



ch. 



^{(9; 4, 

V 1(9; 3, 

10). ch. <£ (9 ; 6, 3, 0) ; 

4> = 17+ 28 + 39 = (12 + 23 + 34 + etc.) 6 = (13 + 24 + etc.) 3 

= (14 + 25 + 36 + etc.) 2 , 
or = 27 + 38 + 49 = (23 + 34 + etc.) 5 , 

" = 37 + 48 + 59 = (34 + 45 + etc.) 4 =(12 + 34 + 45 + etc.) 4 
= (35 + 46 + etc.) 3 = (12 + 35 + 46 + etc.) 2 , 
" = 47 + 58 + 69 = (45 + 56 + etc.) 3 = (12 + 45 + 56 + etc.) 3 
= (12 + 23 + 45 + 56 + etc.) 3 . 

f (9 ; 4, 2, 2, 1, 0) f (9 ; 4, 1, 1, 1, 1, 1, 0) 

ch. $* -j (9 ; 3, 3, 3, 0) ch. $* 
[ (9; 3, 3, 2, 1, 0), 



(9; 3,2, 1, 1, 1, 1, 0) 
(9; 2, 2, 2, 1, 1, 1, 0), 



ch i |(9; 3, 1, 1, 1, 1, 1, 1,0) 
1 ' 2, 2, 1, 1, 1,1, 1, 0). 



f(9; 
1(9; 



11). ch. <f> (9; 6, 2, 1, 0); 

<£ = 57 + 68 + 79 = (56 + 67 + etc.) 2 = (12 + 56 + 67 + etc.) 2 
= (12 + 34 + 56 + 67 + etc.) 2 . 



ch. ^ 



{ (9; 5, 1, 1, 1, 1, 0) 
(9; 4, 2, 1, 1, 1, 0) 
(9; 3, 3, 1, 1, 1, 0). 
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12). ch. $(9; 7, 

<p= 18 + 29 

or = 28 + 39 

" = 38 + 49 
" =48'+ 59 



" =58 + 69 = 



" =67 + 79 = 



= 13 + 79 = 



f (9; 6, 1, 

(9; 5,2, 

ch. $* -j (9; 5, 2, 

(9; 4,3, 

(9 ; 4, 3, 

f (9 5 4, 1, 

ch. $ \ (9 ; 3, 2, 

[ (9 ; 2, 2, 

13). cA. $ (9; 8, 

$ = 19 = (12 

or = 29 = (23 

" =39 = (34 

= (35 

= (36 

" = 49 = (45 

= (12 

" = 59 = (56 

= (12 

= (12 

= (12 

" = 69 = (67 

= (12 

= (12 

" = 79 = (78 



2,0); 

= (12 + 23 + etc.) 7 , 

= (23 + 34 + etc.) 6 = (24 + 35 + etc.) 3 

= (25 + 36 + etc.) 2 , 

= (34 + 45 + etc.) 5 = (12 + 34 + 45 + etc.) 5 , 

= (45 + 56 + etc.) 4 = (12 + 45 + 56 + etc.) 4 

— (12 + 23 + 45 + 56 + etc.) 4 , 

(56 + 67 + etc.) 3 = (12 + 56 + 67 + etc.) 3 

(1 2 + 34 + 56 + etc.) 3 = (1 2 + 23 + 56 + etc.) 3 , 

(67 + 78 + 89) 2 = (12 + 67 + 78 + 89) 2 

(12 + 34+ 67+ etc.) 2 , 

(12+ 23 + 78+89) 2 . 

1, 1, 0) 



2,0) 
1, 1, 0) 
2,0) 
1, 1 

1, 1 

1, 1 

2, 1 



0), 

1, 1, 0) 

1, 1, 0) 

i, i, o), 



(9; 5, 1, 1, 1, 1,0) 

(9 ; 4, 2, 1, 1, 1, 0) 

ch. $ \ (9 ; 3, 3, 1, 1, 1, 0) 

I (9; 3, 2, 2, 2, 0) 

[ (9; 3, 2, 2, 1, 1,0), 

ch d>* J( 9 5 3)1 ' *' *' l ' *' 1,() ) 
1(9; 2, 2, 1, 1, 1, 1, 1,0). 



1.0); 

+ 23 + etc.) 8 = (13 + 24 + etc.) 4 = (15 + 26 + etc.) 2 , 

+ 34 + etc.) 7 , 

+ 45 + 56 + etc.) 6 = (12 + 34 + etc.) 6 

+ 46 + etc.) 3 = (12 + 35 + 46 + etc.) 3 

+ 47 + etc.) 2 = (12 + 36 + 47 + etc.) 2 , 

+ 56 + etc.) 5 = (12 + 45 + 56 + etc.) 5 

+ 23 +45 + etc.) 5 , 

+ 67 + etc.) 4 = (12 + 56 + 67 + etc.) 4 

+ 23 + 56 + 67 + etc.) 4 = (12 + 34 + 56 + 67 + etc.) 4 

+ 23 + 34 + 56 + 67 + etc.) 4 = (57 + 68 + etc.) 2 

+ 57 + 68 + 79) 2 = (12 + 34 + 57 + etc.) 2 , 

+ 78 + 89) 3 = (12 + 67 + 78 + 89) 3 

+ 34 + 67 + etc.) 3 = (12 + 23 + 67 + 78 + 89) 3 

+ 23 + 45 + etc.) 3 , 

+ 89) 2 = (12 + 78 +89) 2 . 
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ch. Qr* - 



ch. $ 



(9; 7, 1, 1, 0) 

(9 ; 6, 2, 1, 0) 

| (9; 5, 3, 1,0) 

[(9; 4,4, 1,0), 

f (9; 5, 1, 1, 1, 1,0) 

I (9 ; 4, 2, 1, 1, 1, 0) 

] (9 ; 3, 3, 1, 1, 1, 0) 

[(9; 2, 2, 2, 2, 1,0), 



(9; 


6, 


1, 


1, 


1,0) 


(9; 


5, 


2, 


1, 


1, 0) 


(9; 


4, 


3, 


1, 


1,0) 


(9; 


4, 


2, 


2, 


1,0) 


(9; 


3, 


3, 


2, 


1,0), 



ch. ^ 



f (9; 4, 1, 1, 1, 1, 1,0) 
ch. r ■{ (9; 3, 2, 1, 1, 1, 1, 0) 
[(9; 2, 2, 2, 1,1, 1,0), 



ch a* f( 9; 3 ' lj *' *' *' 1 ' 1 ' 0) 
1(9; 2, 2, 1, 1, 1, 1, 1, 0) 



0). 

(h). — Matrix of order 10. 

1). ch. 4> (10 ; 2, 2, 2, 2, 2, 0) ; 

$= 13 + 24 + 35 + etc. = (12 + 23 + etc.) 2 . 

2). ch. $ (10; 3, 3, 3, 1, 0); 
$ = 14 + 25 + etc. = (12 + 23 + etc.) 3 . 

3). ch. <£ (10; 3, 2, 2, 2, 1, 0); 

4> = 24 + 35 + etc. = (23 + 34 + etc.) 2 . 

4). ch. $ (10; 4, 4, 2, 0); 

$=15 + 26 + etc. = (12+ 23 + etc.) 4 = (13 + 24 + etc.) 4 . 

5). ch. $ (10; 4, 3, 3, 0) ; 

4> = 25 + 36 + etc. = (23 + 34 + etc.) 8 . 

6). ch. $ (10 ; 4, 3, 2, 1, 0) ; 
4> = 13 + 46 + 57 + etc. = (12 + 23 + etc.) 2 . 

7). ch. $ (10 ; 4, 2, 2, 2, 0) ; 

4> = 35 + 46 + 57 + etc.) = (34 + 45 + etc.) 2 

= (12 + 34 + 45 + etc.) 2 . 

(10; 3, 1, 1, 1, 1, 1, 1, 1,0) 
.(10; 2, 2, 1, 1, 1, 1, 1, 1,0). 

8), ch. $ (10; 5, 5, 0); 

$ = 16 + 27 + etc. = (12 + 23 + etc.) 5 . 

9). ch. $ (10; 5, 4, 1, 0); 

<p = 26 + 37 + etc. = (23 + 34 + etc.) 4 = (24 + 35 + etc.) 2 . 



ch. tf {' 



370 



Metzler : On the Roots of Matrices. 



10). ch. A (10; 5, 3, 2, 0); 

A = 36 + 47 + etc. = (34 + 45 + etc.) 3 = (12 + 34 + 45 + etc.) 3 , 
or = 13 + 57 + etc. = (12 + 23 + 56 + 67 + etc.) 2 . 

ch A* I (l0; 3 ' *' *' lfl ' *' *' 1,0) 
1(10; 2, 2, 1, 1, 1, 1, 1, 1,0). 

11). ch. A (10; 5, 2, 2, 1, 0); 

& = 46 + 57 + 68 + etc. = (45 + 56 + etc.) 2 = (12+45 + 56+ etc.) 

ch ** {( 10; 4)1 ' 1.1.1.L1.0) 
1(10; 3, 2, 1, 1, 1,1,. 1,0). 

12). ch. A (10; 6, 4, 0); 

A = 17 + 28 + etc. = (12 + 23 + etcr) 6 = (13 + 24 + etc.) 3 
= (14+ 25 + etc.) 2 , 
or = 27 + 38 + etc. = (23 + 34 + etc.) 5 , 

" = 37 + 48 + etc. = (34 + 45 + etc.) 4 = (12 + 34 + 45 + etc.) 4 
= (35 + 46 + etc.) 2 =(12 + 35 + 46+ etc.) 2 , 
" = 14 + 58 + 69 + 710 = (12 + 23 + 34 + 56 + 67 + etc.) 3 . 

f (10; 4, 2, 2, 2,0) 
*♦* (10; 3, 3, 3, 1,0 «*.** 22)22)1)10 ). 
(10; 3, 3, 2, 2,0), u ,,,,,,, , 

ch i ((10; 3,1, 1, 1, 1,1,1,1,0) 
J (10; 2, 2, 1, 1, 1, 1, 1, 1, 0). 

13). cA. A (10; 6, 3, 1, 0); 

A = 47 + 58 + etc. = (45 + 56 + etc.) 3 = (12 + 45 + etc.) 3 

= (12+ 23 + 45 + etc.) 3 , 
or = 13 + 68 + 79 + 810 = (12 + 23 + 67 + 78 + etc.) 2 

= (12 + 23 + 45 + 67 + 78 + etc.) 2 . 

(10 ; 4, 1, 1, 1, 1, 1, 1, 0) 
ch. d' 



ch A* \( 10 > 4 . 2 ' 2 . 1'1'°) 
?(10; 3, 3, 2, 1, 1, 0) 



(10; 3,2, 1, I, 1, 1, 1,0) 
(10; 2, 2, 2, 1, 1, 1, 1, 0). 



14). ch. A (10 ; 6, 2, 2, 0) ; 

* = 57 + 68 + 79 + 810 = (56 + 67 + etc.) 2 = (12 + 56 + etc.) 2 

= (12 + 34 + 56 + etc.) 2 
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| (10; 5, 1, 1, 1, 1, 1, 0) 
ch. $* 4 (10; 4, 2, 1, 1, 1, 1, 0) 
[(10; 3, 3,1, 1, 1, 1,0). 

15). ch. $(10; 7, 3, 0); 

$=18 + 29 + 310= (12+ 23 + etc.) 7 , 
or = 28 + 39 + 410 = (23 + 34 + etc.) 6 = (24 + 35 + etc.) 3 

= (25 + 36 + etc.) 2 , 
" = 38 + 49 + 510 = (34 + 45 + etc.) 5 = (12 + 34 + 45 + etc.) 6 , 
" = 48 + 59 + 610= (45 + 56 + etc.) 4 = (12 + 45 + 56 + etc.) 4 

= (12 + 23 + 45 + etc.) 4 = (46 + 57 + etc.) 3 

= (12 + 46 + 57 + etc.) 2 , 
" =58 + 69+ 710 =(56 + 67 + etc.) 3 = (12+ 56 + 67 + etc.) 3 

= (12+ 23+ 56 + etc.) 3 = (12+34 +56+etc.) 3 . 

'(10; 5, 1, 1, 1, 1, 1, 0) 
(-(10; 5, 2, 2, 1, 0) 
ch. $* -l (10; 4, 3, 3, 0) ch. $* 

(JlO; 4, 3, 2, 1, 0), 



(10; 4, 2, 1, 1, 1, 1, 0) 

(10; 3, 3, 1, 1, 1, 1, 0) 

(10; 3, 2, 2, 2, 1, 0) 

^(10; 3, 2, 2, 1, 1, 1, 0). 



r (10; 4, 1,1, 1,1,1,1,0) mo; 3, 1,1, 1,1, 1,1, 1,0) 

ch. $* \ (10; 3, 2, 1, 1, 1, 1, 1, 0) ch. V Q 

(10; 2, 2, 2, 1, 1, 1,1, 0), 

16). cA. $ (10 ; 7, 2, 1, 0) ; 

$ = 68 + 79 + 810 = (67 + 78 + etc.) 2 = (12 + 67 + 78 + etc.) 3 
= (12 + 34 + 67 + 78 + etc.) 2 . 

f (10; 6, 1, 1, 1, 1, 0) 
ch. $* <j (10 ; 5, 2, 1, 1, 1, 0) 
[ (10; 4, 3, 1, 1, 1, 0). 

17). ch. $(10; 8, 2, 0); 

$ = 19 + 210 = (12 + 23 + etc.) 8 = (13 + 24 + etc.) 4 
= (15 + 26 + etc.) 2 , 
or = 29 + 310 = (23 + 34 + etc.) 7 , 

" = 39 + 410 = (34 + 45 + etc.) 6 = (12 + 34 + 45 + etc.) 6 
= (35 + 46 + etc.) 3 = (12 + 35 + etc.) 3 
= (36 + 47 + etc.) 2 = (12 + 36 + 47 + etc.) 2 , 
44 
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ch. $* 



ch. $* 



or = 49 + 510 = (45 + 56 + 67 + 
= (12 + 23 + 45 + 

" = 59 + 610 = (56 + 67 + etc.) 4 
= (12 + 23 + 56 + 
= (12+ 23 + 34 + 
= (12 + 57 + 68 + 

« = 69 + 710 = (67 + 78 + etc.) 3 
= (12 + 23 + 67 + 
= (12 + 23 + 45 + 
= (12 + 34 + 67 + 

" = 79 + 810 = (78 + 89 + 910) 2 
= (12 + 34 + 78 + 

10; 7, 1, 1, 1,0) 

10; 6, 2, 1, 1, 0) 

10 ; 6, 2, 2, 0) 

10 ;. 5, 3, 2, 0) ch. 

10; 5, 3, 1, 1, 0) 

10 ; 4, 4, 2, 0) 

10; 4, 4, 1,1, 0), 



etc.) 5 = (12 + 45 + 56 + etc.) 5 

etc.) 5 , 

= (12 + 56 + 67 +etc.) 4 

etc.) 4 = (12 + 34 + 56 + etc.) 4 

56 + etc.) 4 = (57 + 68 + etc.) 8 

etc.) 2 =(12 + 34 + 57 + etc.) 2 , 

= (12 + 67 + 78 +etc.) 3 

78 + etc.) 3 

67 + 78 +etc.) 3 

78 + etc.) 3 , 

= (12 + 78 + 89 + 910) 2 

etc.) 2 = (12+34+56 + 78+ etc.) 2 

(10; 6,1, 1, 1, 1, 0) 

(10; 5, 2, 1, 1, 1, 0) 

(10; 4,3, 1, 1, 1,0) 

$* { (10 ; 4, 2, 2, 2, 0) 

(10; 4, 2, 2, 1, 1, 0) 

(10; 3,3, 2, 2,0) 

(10; 3, 3, 2, 1, 1,0), 



10 
10 
10 
10 
10 
10 



5, 1, 1, 1, 1, 1, 0) 
4, 2, 1, 1, 1, 1, 0) 
3, 3, 1, 1, 1, 1, 0) 

3, 2, 2, 1, 1, 1, 0) 

2, 2, 2, 2, 2, 0) 
2, 2, 2, 2, 1, 1, 0), 



ch. 4> 



ch. <£* 



(10; 4, 1, 1, 1, 1, 1, 1,0) 

(10; 3, 2, 1, 1, 1, 1, 1,0) 

(10; 2, 2, 2, 1, 1, 1, 1, 0), 

(10; 3, 1, 1, 1, 1, 1, 1, 1,0) 

(10; 2, 2,1, 1, 1, 1, 1,1,0). 



18). ch. 4> (10 ; 9, 1, 0) ; 

$ = 110 = (12 + 23 + etc.) 9 = (14 + 25 + etc.) 8 , 
or = 210 = (23 + 34 + etc.) 8 = (24 + 35 + etc.) 4 

= (26 + 37 + etc.) 2 , 
" = 310 = (34 + 45 + etc.) 7 = (12 + 34 + 45 + etc.) 7 , 
" = 410 = (45 + 56 + etc.) 6 = (12 + 45 + etc.) 6 

= (12 + 23 + 45 + 56 + etc.) 6 = (46 + 57 + etc.) 3 
= (12 + 46 + 57 + etc.) 3 = (12 + 23 + 46 + etc.) 3 
= (47 + 58 + etc.) 2 = (12 + 47 + etc.) 2 = etc., 
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or 



510 = (56 + 
= (12 + 
= (12 + 

610 = (67 + 
= (12 + 
= (12 + 
= (12 + 
= (12 + 

710 = (78 + 
= (12 + 
= (12 + 
= (12 + 
= (12 + 

810 = (89 + 
= (12 + 



67 + etc.) 5 = (12 + 56 + etc.) 6 

23 + 56 + etc.) 5 = (12 + 34 + 56 + etc.) 5 

23 + 34 + 56 + etc.) 5 , 

78 + etc.) 4 = (12 + 67 + 78 + etc.) 4 

34 + 67 + etc.) 4 = (12 + 23 + 67 + 78 + etc.) 4 

23 + 34 + 67 + 78 + etc.) 4 

23 + 45 + 67 + etc.) 4 = (68 + 79 + 810) 2 

68 + 79 + etc.) 2 = (12 + 34 + 68 + etc.) 3 , 
89 + 910) 3 = (12 + 78 + etc.) 3 

23 + 78 + etc.) 3 = (12 + 34 + 56 + 78 + etc.) 3 

23 + 45 + 78 etc.) 3 

23 + 45 + 56 + 78 + etc.) 3 

34 + 56 + 78 + etc.) 3 , 

910) 2 = (12 + 89 + 910) 2 

34 + 89 + 910) 2 = (12 + 34 + 56 + 89 + 910) 3 . 



ch. <?>* - 



ch. 4>* 



(10; 8, 1,1,0) 
(10 ; 7, 2, 1, 0) 
(10 ; 6, 3, 1, 0) 
(10; 5, 4,1,0), 



f (10; 6, 1, 1, 1, 1, 0) 
(10; 5, 2,1, 1, 1,0) 
(10; 4, 3, 1, 1, 1,0) 
(10; 4, 2, 2, 1, 1, 0) 
(10; 3,3, 2,1,1,0) 
(10; 3, 2, 2, 2,1,0), 



ch. $* 



ch. <fi 



(10; 7, 1, 1, 1,0) 




(10; 6, 2, 1, 1,0) 




(10; 5,3,1, 1,0) 




•(10; 5, 2, 2, 1,0) 




(10 ; 4, 4, 1, 1, 0) 




(10 ; 4, 3, 2, 1, 0) 




(10; 3, 3, 3, 1, 0), 




(10; 5, 1, 1, 1, 1, 1, 


0) 


(10; 4, 2,1, 1, 1, 1, 


0) 


(10; 3,3, 1, 1, 1, 1, 


0) 


(10 ; 2, 2, 2, 2, 1, 1 


o) 



r(10; 4,1,1, 1, 1, 1, 1,0) 
} (10 ; 3, 2, 1, 1, 1, 1, 1, 0) 
1(10; 2, 2, 2, 1, 1, 1, 1, 0), 
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29. Proceeding now to the consideration of matrices having some latent 
roots zero and others different from zero it may be observed that : 

(1). The nullity of N depends on the nullity of a and in the following way: 

And consequently when the nullity of A is equal to its vacuity the nullity of Nis 
o, and therefore N vanishes. 

(2). When the nullity of a is equal to its vacuity it has an n th root, and 
when the nullity is less than the vacuity a obviously cannot have a root with 
index greater than its nullity. 

(3). If N [a] =p, <$> cannot have a (p — ^) th root unless N has a (p — (i) th 
root. 

30. JV is a nilpotent matrix — a root of zero — such as was considered in 
Art. 28, and as was there shown will have a q tix root unless the law of nullity 
prohibits. The relation existing between the nullities of N and a shows us 
that if the law of nullity permits one it will also permit, the other to have a q th 
root, and consequently we have the theorem that : There will always be a q th root 
unless the law of nullity prohibits. 

§6. — Transcendental Functions of a Matrix. 

31. In this section I shall consider a few cases of the elementary transcen- 
dental functions of a matrix. 

(a). Exponential function. — I define e* by the ordinary series, viz.: 

. A A 2 a 3 A re 

e = 1 + l + 2! + 3! + etc. -f-fj + etc. 



CO 



o 

Let a» = (A + nA 1 + n i A i + .... + n^A^gl + (B + nB 1 + . . . . + n*>BJg\ 

+ •••• + (#o + nSt + n*S % + .... + n»SJfi, 
then 



-£ 



(A + (i A 1 + ....+ yP>A v )g<{ + ....+ (S + fiSi + ... . ±J^SJsn 



pi 
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CO 00 00 CO 

' ' 

00 00 CO 

' 

+ 

CO CO CO 

+£*^+E"^+----+E""^ 

U ' ' 

Pi 
-A^ + g x A^ + + y £?glA p e<» 

i 

Pi 

+ B e?> + g % B x e** + ....+ ^?(&B p /« 



i 



p. 



+ Soe" + &/V* + . . . . + ^?tiS»*: 
Again * 



e 







CO CO 

" ' 

+ 

CO 00 



Pi 



1 

Pa 



i 
+ 



A. 
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(b). Logarithmic function. — I define log <jt> by the series : 

log 4> = ($ - 1) - £(<?> - 1) 2 + £(<?>- l) 3 - i(4> - 1)* + etc. 

i 
Let *>» = ^" + B& + . . . . + WoflC, 

then ($ - lf= A ( gi -lf + B (g, - If + . . . . + W {g„ - If 
and 

i,, g g- V\ !)»+. [ ^,(g,-i) > +£,te,-i)'+ ■■■• + y,( g .-i) 

i i 

= A lOg & + 4) log 0» + +W log fl.. 

Again let <p = (A + n^K + (-»o + ^iK +••••+ (<% + »<Si)tf 

then (4) - 1) A = Afo - l) x + ^A^i -l) x_1 + £o(&-l) A + *.B# t {g t - If' 1 

+ ..-•+ Soi^-lf + ^g^-lf- 1 , 
and log $ = A log g x + 5 log g % + .... + <% log gr, 

+ A +^ +.... + #. 

Having defined e* and log $ independently, let us see what e loe * becomes, using 
the definition given for log (p . 
We have 

e Iog<(> — - e (.A logg, + S loggi+.... + W t loggJ 

— ^eiogff, 4._g oe ioej7, + _|_ W0 U * 9 » 

= A^i +-B<0« + + W g a 

which shows that having denned e* by the ordinary series, we were justified in 
defining log $ as in (b). 

(c). Sin 4>. — I define sin q> as follows : 

sin* - * - ^ + *' — £ 4- etc 

Sm *-r 3! + 5"! 7! + etc - 

,3*4-1 



LLf K ] (23, + !)! 
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Let p= A Q g? + Brf + . . . . + W gZ, 

then sin <£= V (- 1)* -j Agf +1 + ^1 A+1 +■■■■+ F^ +1 

o ( (23, + 1)! 

= A sin ^ + B sin ^ 2 + ....+ W sin g„. 
Again if $» = {A + nAJg^ + (B + nB x )gl + ....+ (S + n&)f. , 

then sin $ = A sin g x + B Q sin <? a +....+ S sin # s 

+ ^1^.1 cos g x + g % B x cos g % + .... + # s /$i cos # 8 . 

(d). Sin~ 1 ^>. — I define sin -1 <p as follows : 



• -i* <P j_ 1 ^ 3 , 1-3 <?> 5 , ,1.3 2r— 1 x Sr+1 , 

sin * d> = -*- + — . -*- + . 3_ -4- . . . . -J . + . . . 

y 1 ^2 3 ^2.4 5 ^ ^ 2.4 2r 2r + 1 ^ 



_\7 1.3 23,-1 $ u+1 



£ 



2.4 23, 23, + 1 

o 

Let r = A9? + Bog%+ . . . .+W gZ, 
then 



sin 



-i a= V^ 1.3.... 23,-1 f ^pgf +i + J g ^+ 1 + . . . , + W gl^ 
^ LJ 2.4.... 23, "J 23, + 1 

= A sin" 1 ^, + .Bo sin" 1 g 2 + ....+ W sin" 1 # w . 

Having defined sin <£> and sin -1 (p independently, let us see what sin sin -1 q> 
becomes, using the definition given for sin -1 <£>. 
We have 



^siny? 1 - 3 ---- 2 *- 1 .^ 

r LJ 2.4 23, 23, + 1 



sin sin 





= sin /\ 



1.3.... Vk-\ I A<7f +1 + ^o9l A+1 +.-.. + Wogf* 1 



2.4 23. J 23, + 1 

l 

= sin \A sivr 1 g 1 + B sin" 1 ^ + ....+ W sin" 1 ^} 

= A g! + B$ % + ....+ W g m 

= $>, 

which shows that having defined sin q> by the ordinary series we were justified 
in defining sin -1 <p as in (d). 
Worcester, Mass., April 15, 1892. 



